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SERGIO CONSOLE, GABRIELA P. OVANDO, AND MAURO SUBILS 

Abstract. We consider three families of lattices on the oscillator group G, which 
is an almost nilpotent not completely solvable Lie group, giving rise to coverings 
G — ¥ A/fc.o — > Mk.-K — > Mfc j7r /2 for k £ Z. We show that the corresponding families 
of four dimensional solvmanifolds are not pairwise diffeomorphic and we compute their 
cohomology and minimal models. In particular, each manifold Mk,a is diffeomorphic to 
a Kodaira-Thurston manifold, i.e. a compact quotient S 1 x H3(R)/rfc where is a 
lattice of the real three-dimensional Heisenberg group H3QR). 

We summarize some geometric aspects of those compact spaces. In particular, we note 
that any Mk,o provides an example of a solvmanifold whose cohomology does not depend 
on the Lie algebra only and which admits many symplectic structures that are invariant 
by the group R x Hs(R) but not under the oscillator group G. 



A solvmanifold M is a compact homogeneous space of a solvable Lie group. In dimension 
four the so-called Kodaira surfaces are representable as M = G/T where G is a connected 
and simply connected solvable Lie group and T is a lattice in G (that is, a co-compact 
discrete subgroup of G). 

In these notes we study models for some four dimensional solvmanifolds, which are 
known as Kodaira surfaces In fact both the primary and the secondary Kodaira 
manifolds can be realized as quotients of a fixed solvable (non nilpotent) Lie group G of 
dimension four by different lattices. 

We start be determining three families of lattices in the solvable Lie group called the 
oscillator group, which is the semidirect product G? = R x Q H3(R) of the (real) three 
dimensional Heisenberg group H"3(R) by the map 



The oscillator group is an example of almost nilpotent solvable Lie group (see Section[3]). 
If we regard H3(R) as R 3 endowed with the operation 



1. Introduction 





cos(i) sin(t) 
-sin(t) cos(t) 
1 




(x, y, z) ■ (x f , y', z') = (x + x' , y + y' , z + z' + -(xy' 



x'y)) 
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then it admits the co-compact subgroups C Hs(R) given by 

T k = Z x Z x — Z. 

The lattice (for any k) is invariant under the subgroups generated by a(0) = a(27r), 
a(7r) and a(^). Consequently we have three families of lattices in G = R x Q H3QR): 

A fcj0 = 2^Zxr fc cG, 
A fcj7r = vrZ x T fc C G , 
A M/2 = fZxr fc cG. 

so that Afc j o>Afc i7r >Aj fc)7r / 2 (where > means "contains as a normal subgroup"), which induce 
the solvmanifolds 

M kfl = G/A kfi , 
Mk,n = G/A kyTr , 

M k,Tr/2 = G/K k ^/2 ■ 

We prove that all subgroups of the families A k ^ are not pairwise isomorphic, hence they 
determine non-diffeomorphic solvmanifolds. 

Observe that the action of a(0) is trivial, so A k o = 2-7rZ x T k and by Theorem 12.11 
Mk,o = G/Ak : o is diffeomorphic to S 1 x H3(R)/rfc, a Kodaira- Thurston manifold. 

Moreover, for any fixed k, we have the finite coverings 

p w : M kfi ->■ M fcj7r , 
Ptt/2 ■ M k>0 M ktn/2 , 

which are 2- and 4-sheeted respectively and so 

G — > M kfi — ► M M — > M fe)7r/2 . 

In Section [J] we compute the cohomology of the minimal model of all solvmanifolds in 
the above families. 

Theorem 1.1. The Betti numbers bi of the solvmanifolds M kif are given by 

b bi b 2 

Af M 1 1 
M k<n/2 1 1 

(clearly 63 = b\ and 64 = bo, by Poincare duality). 
A minimal model of M k o is given by 

M kfi = (A(xi,yi,z 1 ,t 1 ),d) 

where the index denotes the degree (hence all generators have degree one) and the only 
non vanishing differential is given by dz\ = —x\y\. 
A minimal model of M& j7r and M k ^ / 2 is given by 

M k>7T = M ktn/2 = (A(t 1 ,w 3 ),d = 0) 

where the index denotes the degree, cf. [16j E] • 
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Concerning the geometry the space Mj. o provides an example of solvmanifold which 
admits symplectic structures but no invariant ones. Actually, in Section [5] we prove the 
following 

Theorem 1.2. There are many symplectic structures on M^o which are invariant by the 
group M. x H3(R) but not under the oscillator group G. 

Moreover M^ q covers Mfc )7r and M k ^j 2 which do not admit any symplectic structure, 
since their second Betti number vanishes. 

It is known that if a given nilmanifold N/T admits a symplectic structure, then it admits 
an N- invariant one. Hence we provide low dimensional examples which show that this is 
not true for solvmanifolds. 

Observe that any Mf. o gives a (low dimensional) example of solvmanifold whose de 
Rham cohomology does not agree with the invariant one, i.e. the cohomology of the 
Chevalley-Eilenberg complex on the solvable Lie algebra (unlike the case of nilmanifolds 
and solvmanifolds in the completely solvable case [H] and, more generally, for which the 
Mostow condition holds [HI El [3] , cf. Section Hj) . 

Actually, it turns out that Mk<o has the same cohomology as a nilmanifold, namely the 
Kodaira-Thurston manifold S 1 x H3(M)/rfc, cf. Section [H Moreover, passing from M^fl 
to the covered manifolds Mfc i?r and M^m, the cohomology changes. So the cohomology 
depends on the lattice and not on the solvable Lie algebra only. 

2. Three Families of Solvmanifolds 

Unlike the special case of nilmanifolds (i.e., compact quotients of nilpotent Lie groups 
by a lattice), there is no simple criterion for the existence of a lattice in a connected and 
simply-connected solvable Lie group. A necessary condition is that the connected and 
simply-connected solvable Lie group is unimodular [12} Lemma 6.2]. 

Lattices determine the topology of compact solvmanifolds since they are Eilenberg- 
MacLane space of type K(tt, 1) (i.e. all homotopy groups vanish, besides the first) with 
finitely generated torsion-free fundamental group. Actually lattices associated to solvman- 
ifolds yield their diffeomorphism class as the following theorem states. 

Theorem 2.1. [191 Theorem 3.6] Let Gi/Ti be solvmanifolds for i G {1,2} and ip : T\ 
T2 an isomorphism. Then there exists a diffeomorphism $ : G\ — > G2 such that 

(i) $| Pl = <p, 

(ii) &(jry) = &(p)ip(^), for any 7 G Ti and any p G G\. 

As a consequence two solvmanifolds with isomorphic fundamental groups are diffeomor- 
phic. 

Recall that if the action of the group V on the topological space Y is properly discon- 
tinuous, then there is a differentiable structure on Y/T such that Y — > Y/T is a normal 
covering, T is the Deck transformation group of the covering and if Y is simply connected 
then r is isomorphic to n\(Y/T) [7, Proposition 1.40]. 

Each discrete subgroup Aj^j i = 0,7r,7r/2 acts properly discontinuous on the simply 
connected space G. In the sequel we shall see that they are pairwise non isomorphic so 
that the resulting compact spaces are pairwise non homeomorphic. 
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Lemma 2.2. Let k £ N. Then 

(1) Zk = 27rZ x x x t^Z is the center of A^, /or i = 0,7r, 7r/2 and 

(2) C = x x x Z is the commutator of Ak,o- 

Proof. Fix k G N and take i = 0,7r,7r/2. By a simple computation we see that for each k 
the set Zk is contained in the center of G, and then it is contained in the center of j. 
Now, let (0, a, 6, c) be in the center of A/^j, then 

(0,0,6,0X0,1,0,0) = (O,l,O,O)(0,a,6,c), 
(9, a + cos 9,b — sin 0, c — ^(asin 6> + 6 cos 9)) = (9, 1 + a, 6, c + |6) , 

It follows that 9 = 21tt and 6 = 0. 

Also from (2/vr, a, 0, c)(0, 0, 1, 0) = (0, 0, 1, 0)(2/vr, a, 0, c) we get a = 0. Then (0, a, 6, c) G 

Now we prove that C is the commutator of A& o- By computing we see 

(2/7r,a,6,c)(2/ / 7r,a / ,6 / ,c / )(2/7r,a,6,c)" 1 (2/ / 7r,a / ,6',c / ) _1 = (0,0, 0,0*/ - a'b) G C 

Since C is a subgroup, we have that the commutator is contained in C. But taking 
(2/vr, a, 6, c) = (0,s,0,0) and (2ZV, a', 6', c') = (0,0,1,0) for any cc G Z, it follows that 
the element of C given by (0, 0,0, a;) belongs to the commutator and this completes the 
proof. □ 

Proposition 2.3. The groups A^j, k G N, i = 0,tt/2,tt, are pairwise not isomorphic. 

Proof. First we observe that if if : A p j — > Aj. j is an isomorphism then ip((2l + l)ir, a, 6, c) ^ 
(21'tt, a', 6', c') for G Z. Otherwise, we get 

(p((Al + 2)vr, 0, 0, z) = ip{{2l + l)vr, a, 6, c) 2 = (21'tt, a', 6', c') 2 = (4/'vr, 2a', 26', z') G Z k 

which is the center of A& j by Lemma [2.2( it follows that a' = b' = 0. So (/?((2/+l)7r, a, 6, c) G 
Z^ and ((2/ + l)-7r, a, 6, c) G which is a contradiction. Considering y? -1 we get also that 
(p(2liT,a,b,c) 7^ ((2/' + l)-7r, a', 6', c') for /,/' G Z. We conclude that A/^o is not isomorphic 
to A Pj7r nor to A p 7r/2 . 

If there is an isomorphism (pi : Afc i7r / 2 — ► A Pi7r with (£>i(7r/2, 0, 0, 0) = (liT,a,b,c), then: 
V9i(^/2,0,0,0) 2 = (/7r,a,6,c) 2 ^(ir, 0,0,0) = (2/vr, x, y, 2), 

and we show that this cannot happen. 

Suppose that 992 : A*, A Pi o is an isomorphism with p < k. By Lemma 12.21 922(C) = 

r. 

^(0, 0, 0, 1) = ip 2 (0, 0, 0, ^) 2k = (2™, 6, c, ^) 2fc = (4vrA:a, 2A;6, 2kc, ^), 
for some a, 6, c, 0!, e G Z. Then (2ka, 2kb, 2kc, -^£) G C and a = 6 = c = 0. 

^2(0, 0, 0, |) = ^ 2 (0, 0, 0, ^) 2p = (0, 0, 0, ^) 2p = (0, 0, 0, d) G c, 

So we have (0,0,0, f) G C. Absurd. 

Let 993 : Afe >7r — >• A Pj7r be an isomorphism. By the remark at the beginning of the proof, 
we conclude that the restriction of 923 to A^o is an isomorphism from A^o to A Pi o which 
contradicts the last paragraph. 



SOLVABLE MODELS FOR KODAIRA SURFACES 



5 



Now, let f 4 : A fc 7r / 2 ~~ > A P)7r / 2 De an isomorphism. If (f4((2l + l)vr/2, a, 6, c) = 
(l'ir,a',b',c'), then <£ 4 ((2Z + l)vr/2, a, 6, c) 2 = (1'ir, a' ,b' ,c') 2 and follows that <^ 4 ((2Z + 
l)7r, z) = (2Z'7r, 0, 0, z') which also contradicts the remark. Then ^(A^^) = A Pj7r . 

□ 

Theorem 2.1. The subgroups j are the only lattices of G of the form L\ x L 2 x L 3 x L4 

where Li C is a subset for every i = 1,2, 3, 4. 

Proof. Let L = Li x L 2 x L 3 x L4 be a lattice of G, then it is easy to see that Li is a 
discrete subgroup of R for z = 1, 2, 3, 4. Then there are p, q,r,s£ M>o such that 

L = pZ x gZ x rZ x sZ 

Let m G Z, since (0, g, 0, 0) G L, (0, 0, rm, 0) G L then (0, q, rm, ^m) G L and G L4. 
It follows that s = ^ for some A; G N. 

On the other hand, since (p, 0, 0, 0) 6i and (0, q, 0,0) G L then (p, q cosp, —qs'mp, 0) G 
L and cosp G Z. It follows that p = ^l for some non negative integer I. 

We conclude that: 

L = _ZZ x oZ x rZ x — Z 
2 y 2fc 

for q,r £ M>o, & G N and / a non negative integer. 

If I = 0, then G/L H 3 (R)/L' which is not compact for V C H 3 (R). If r = then 

LnH 3 (R) = gZx0x0 which is not a lattice in H 3 (R). Analogously, if q = 0. 

Therefore £,r, g are non zero real numbers, moreover I G N. 

Now we consider four cases I = 0, 1, 2, 3 (mod 4). 

• / = (mod 4) 

A set of the form L = 2-kITL x gZ x rZ x |^Z is a lattice of G and it is isomorphic 
to Afc o via the isomorphism: 

71 : A fcj0 ->• 2vr/Z x gZ x rZ x |Z 
li(t,x,y,z) = (lt,qx,ry,qrz) 

• 1 = 2 (mod 4) 

A set of the form L = (21 + 1)ttZ x qZ x rZ x |£Z is a lattice of G which is 
isomorphic to A^ i7r via the isomorphism: 

72 : A fc>7r -> (2/ + l)vrZ x gZ x rZ x |Z 
72 (t, x, y, z) = ((2/ + l)t, gx, ry, grz) 

• Z = 1 (mod 4) 

Let L = (4/ + l)f Z x gZ x rZ x |Z be a subgroup of G, then 

• ((4Z + l)f,0,0,0)(0, -g,0,0) = ((4/ + l)f,0,g,0) G L and 

• ((4/ + l)f , 0, 0, 0)(0, 0, r, 0) = ((4/ + l)f , r, 0, 0) G L. 
Thus we deduce that r\q and g|r, so q = r. 

A set of the form L = (41 + l)f Z x gZ x gZ x |^Z is a lattice of G and it is 
isomorphic to A fej7r / 2 via the isomorphism: 
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73: A fe ,V2 -> (4/ + l)f Z x gZ x gZ x ^ 
73(*, a:, y, 2) = ((4/ + l)t, gx, gy, q 2 z) 

• 1 = 3 (mod 4) 

Let L = (41 + 3)|Z x qZ x rZ x |?Z be a subgroup of G, as before 

• ((4Z + 3)§ ,0,0,0)(0,g,0,0) = ((4/ + 3)f , 0, g, 0) € L and 

• ((4/ + 3)§,0,0,0)(0,0,-r,0) = ((4/ + 3)f , r, 0, 0) GL 
which implies q = r. 

2 

The set L = (4/ + 3)^Z x qZ x qZ x is a lattice of G which is isomorphic 
to A fc 7r/ / 2 via the isomorphism: 

74: Afc,7r/2 -> (4/ + l)fZ x qZ x qZ x |^Z 
74 (t, a;, y, z) = ((4/ + 3)t, -gar, -gy, -q 2 z) 

□ 

Remark 1. Notice that there exist lattices in G which are not of the form L\ x L2 x L3 x L4. 
For instance, let L be the next one 

L = I M2Jtt, 2x, 2y, ~zj :l,x,y,z£ Z Juj K2Z + 1)tt, 2x + 1, 2y + 1, ~zj :l,x,y,ze 

It contains the lattice 27rZ x 2Z x 2Z x 2Z. But this lattice is isomorphic to A2 j7r via 
the isomorphism (t,x,y,z) — > (t, ^^,^^,|). We conjecture that every lattice of G is 
isomorphic to one of the family A& j as above . 

3. The Mostow bundle and almost nilpotent Lie groups 

Let M = G/r be a solvmanifold that is not a nilmanifold. Let N be the nilradical of 
G, i.e., the largest connected nilpotent normal subgroup of G. 

Then := T n N is a lattice in AT, = AT is closed in G and G/(AT) =: T k is a 
torus. Thus we have the so-called Mostow fibration: 

n/f n = (at) /r G/r — > g/(at) = T fc 

Most of the rich structure of solvmanifolds is encoded in this bundle. 
The fundamental group r of M can be represented as an extension of a torsion-free 
nilpotent group A of rank n — k by a free abelian group of rank k where 1 < k < 4: 

(1) — ► a — ► r — >z k — > 

The classification of solvmanifolds of dimension four reduces to the classification of the 
groups T as the group extensions above (see [6]). 

A connected and simply-connected solvable Lie group G with nilradical N is called 
almost nilpotent if its nilradical has codimension one. In this case G can be written as a 
semidirect product G = Mx (i iV. In addition, if A" is abelian, i.e. A" = R n , then G is called 
almost abelian. 

Let G = R x„ A" be an almost nilpotent Lie group. Since N has codimension one in 
G, we can consider \x as a one-parameter group R — > Aut(A^). Observe that dfj, =: <f) is 
one-parameter subgroup of the automorphism group of the Lie algebra n of N. 
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Example 1. Let consider the 3-dimensional solvable Lie group K X M 2 with structure 
equations 

' de 1 = 0, 
< de 2 = 2vre 13 , 
cfe 3 = -27re 12 . 

v 

is a non-completely solvable Lie group which admits a compact quotient and the uniform 
discrete subgroup is of the form r = Z X Z 2 (see [El Theorem 1.9] and [E]). Indeed, the 
Lie group R ix M 2 is the group of matrices 

/ cos(2vrt) sin(2vrt) x \ 

— sin(27rf) cos(27rt) y 

1 t 

\ 1 / 

and the lattice T generated by 1 in R and the standard lattice Z 2 . The semidirect product 
is relative to the one-parameter subgroup 

/ cos(2vrt) sin(2vrt) 
M - sin(2vrf) cos(27rt) 
\ 1 

The solvable Lie group R IX R 2 is almost abelian. 

Example 2. The oscillator group G = lK„ H3QR) is almost nilpotent. 

4. Computation of Cohomology and Minimal Model 

Let M/r be a solvmanifold. If the algebraic closures A( Ad g(G)) and ^4(Adc(r)) 
are equal, one says that G and T satisfy the Mostow condition. In this case the de 
Rham cohomology H*(M) of the compact solvmanifold M = G/T can be computed by 
the Chevalley-Eilenberg cohomology H*(q) of the Lie algebra q of G (see [13] and [191 
Corollary 7.29]); indeed, one has the isomorphism H*(M) = H*(g). A special case is 
provided by nilmanifolds (Nomizu's Theorem, [15]) and more generally if G is completely 
solvable ([8]), i.e. all the linear operators adx '■ Q — > 0, X £ q have only real eigenvalues. 

Let us consider M^o = G/A^q. Now, applying similar methods as in [4], one can show 
that the algebraic closure A(Ad G (G)) of Ad G (G) is S 1 x H 3 (M) and the one of Ad c(Afc o) 
is H3(M). Thus the Mostow condition does not hold. 

Actually to compute the cohomology of one can remark that it is diffeomorphic 
to S 1 x H3(IR)/r / fc, the Kodaira-Thurston manifold. Hence we can easily write down its 
cohomology classes, in terms of the ones of S 1 and H 3 (K)/rfe. 

By Nomizu's Theorem, the cohomology of H3 (R) /Tk is given by the Chevalley-Eilenberg 
cohomology iT*(f) 3 ) of the Lie algebra f)3 of H3(R). By the structure equations 

da = 0, dj3 = 0, dj = —a/3 

it follows that 

• i? 1 (H 3 (R)/r fe ) is generated by a,P, 

• H 2 (R^(R) /T k) is generated by aj,(3j and 

• # 3 (H 3 (R)/r fc ) is generated by a(3j. 
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Let r be the generator of H 1 ^ 1 ) = R* 

Thus the de Rham cohomology classes of M kj0 = G/A^o are given by: 

• ^(Mkfi) = R 3 is generated by T,a,/3. 

• H 2 (M k ) = R 4 is generated by ra, r/3, cry, ^7. 

• H 3 (M k ) = R 4 is generated by rcry, r/?7, a/37 . 

• H\M kfl ) ^ R 4 is generated by ra/37. 

A minimal model of M k ^ is given by 

M k fl = (A(x 1 ,y 1 ,z 1 ,t 1 ),d) 

where the index denotes the degree (hence all generators have degree one) and the only 
non vanishing differential is given by dz\ = — x\y\. It suffices to send t\ to r, x\ to a (and 
so on) to have a quasi isomorphism M k ,o ~^ AM^q, where AM k q denotes the de Rham 
algebra of M k ^. This result can be also obtained by applying the method in [T7] for 
the Koszul- Sullivan model of the Mostow fibration. 

In order to compute the cohomologies of M kt7T and M k ^/ 2 recall that there are the 
2-sheeted and 4-sheeted coverings p w : M k ^ — > M k ^ and p w /2 '■ ^fc,Q — > M k ^/ 2 - 

In general, if q : X — > X is a finite sheeted covering defined by the action of a group $ 
on X, then the cohomologies of X are given by the invariants by the action of the finite 
group <£), i.e. 

H*(X) ^H*(Xf , 

(see e.g. Proposition 3G,1]). 

Now, the (nontrivial part of the) action of A k ^/ A k p is given by a 1— > —a and (3 1— > —(5. 

The (nontrivial part of the) action of A k ^/ 2 / A k $ is given by a H — /3 and /3 1— > a. 
Computing the invariants, one easily sees that the de Rham cohomology of M k ^j 2 is the 
same as the one of M k ^. 

Thus the cohomology of M k ^ and M fc 7r / 2 is 

• E x {M h ^) = R is generated by r. 

• H 2 (M k lT ) is trivial (there is no invariant 2-form). 

• H 3 (M k>7r ) = R is generated by a/37. 

• iJ 4 (M fci7r ) = R is generated by ra/37. 

A minimal model of M k<n and M kn / 2 1S given by 

Alfc.Tr = M k ^/2 = (A(h,w 3 ),d = 0) 

where the index denotes the degree, cf. [17\ Example 3.2]. A quasi isomorphism A4 k>n 
AM kw , is given by t\ 1— > r and u>3 1— > a/3j. 

The cohomologies of the Chevalley-Eilenberg complexes of the Lie algebras q of the 
oscillator group G and of the nilpotent Lie algebra t x fj3 of S 1 x H3(R) are given by: 

6 b x b 2 63 h 



g 110 11 

tx()3 1 3 4 3 1 
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Hence, Mk o has the same cohomology as a nilmanifold, namely the Kodaira-Thurston 
manifold 5 1 x H3(R)/IV Thus any M^q gives a (low dimensional) example of solvmani- 
fold whose cohomology does not agree with the invariant one, i.e. the cohomology of the 
Chevalley-Eilenberg complex on the solvable Lie algebra g. On the other hand, the de 
Rham cohomologies of Mfc j7r and M^ j7r / 2 are isomorphic to the cohomology of the corre- 
sponding solvable Lie algebra g, although the Mostow condition does not hold. 

Remark 2. In general, if the Mostow condition does not hold, as far as we know two 
techniques can be applied: the modification of the solvable Lie group [SJ [3] and the cited 
Koszul- Sullivan models of fibrations in the almost nilpotent case [161 117] . As for the first 
method, one knows by Borel density theorem (see e.g. [19} Theorem 5.5]) that there exists 
a compact torus T cpt such that T cpi ^4(Adc(r)) = A(Ada(G)). Then one shows (see [3]) 
that there exists a subgroup T of finite index in T and a simply connected normal subgroup 
G (the "modified solvable Lie group") of T cpt x G such that ^(Ad^(f)) = A(AAq(G)). 
Therefore, G/f is diffeomorphic to G/f and H*(G/f) = H*(g), where g is the Lie algebra 
of G. In the case of the families M^fi, M/% j7r and Mf,^/ 2 one sees that = A^q (for any 
k) and that G k is S 1 x H 3 (K). 

5. About Complex and Symplectic structures 

Here we shall study in more details the solvmanifolds as models of compact spaces 
provided with complex or symplectic structures. 

For the classification of four-dimensional solvmanifolds (up to finite coverings) it is 
sufficient to classify the groups T as group extensions as in ([1]) and find a subgroup V 
which entends to a simply connected solvable Lie group G such that G/V is a solvmanifold. 

Due to results of Ue [22J a complex surface S is diffeomorfic to a T 2 bundle over T 2 
if and only if S is a complex torus, Kodaira surface or hyperelliptic surface. Moreover, 
Hasegawa [6] proved 

Theorem 5.1. A complex surface is diffeomorphic to a four- dimensional solvmanifold if 
and only if it is one of the following surfaces: complex torus, hyperelliptic surface, Inou 
surface of type S°, primary Kodaira surface, secondary Kodaira surface, Inoue surface of 
type S' ± . And every complex structure on each of these complex surfaces is invariant. 

The invariance of the complex structure concerns the algebraic structure of the group 
covering the manifold. Thus for the so-called Kodaira-Thurston manifold, (above Kodaira 
surface of type I) we have two solvable groups which covers this space. On the one hand 
the oscillator group G and on the other hand the nilpotent Lie group R x Ha(R). 

It is known that in the corresponding nilpotent Lie group R x Ha(R) there is only 
one integrable almost complex structure up to equivalence but on G there are two non- 
equivalent ones. 

Furthermore, let Rx ^ denote the Lie algebra of R x Ha(R) and let g denote the 
oscillator Lie algebra, that is the Lie algebra of the oscillator Lie group G. 

Now, every complex structure J on R x f) 3 is abelian, that is J satisfies [Ju, Jv] = [u, v] 
for all u,v in the Lie algebra. Every complex structure here is equivalent to (see |20j ) 



(2) 



JX = Y JZ = f J 2 = -1 
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where X, Y, Z, T is a basis of left-invariant vector fields, specifically for the coordinates 
(t, x, y, z) G M 4 one has 

T — 9 Y _ d 1 d 

V — JL 4- Irl. 7 — 9_ 

1 ~ dy ^ 2 x dz * ~ dz 

On the oscillator group the almost complex structure defined as in ([2]) is also integrable 
for the left-invariant vector fields X , Y, Z, T nevertheless it cannot be abelian. In fact, no 
complex structure on q is abelian. In this case the left-invariant vector fields are given by 

T = M * = cos(t)^-sin(i)^-i(xcos(t) + ysin(t))f 

Z = m f = sin(t)|:+cos(i)^ + i(xcos(t)-ysin(t))f 

Thus one has the next covering as complex spaces 

(3) G — > M k>0 — »■ M k>7T — > M fc)7r/2 . 

Remark 3. ([3]) above gives an explicit realization of the covering in Case (5) page 756 [6]. 

Concerning symplectic geometry notice that the oscillator group G does not admit any 
invariant symplectic structure [18} 111]. But the Kodaira-Thurston manifold M^o was the 
first example constructed in order to provide an example of a compact manifold admitting 
a symplectic structure but no Kahler structures [21]. 

These remarks yield the proof of Theorem 11.21 

It is known that if a given nilmanifold N/T admits a symplectic structure, then it admits 
an iV-invariant one. This follows by Nomizu's Theorem, since any de Rham cohomology 
class has an invariant representative, and it is more in general true for solvmanifolds for 
which the Mostow condition holds. The example above shows that this is not true for any 
solvable Lie group. 

Moreover M^q covers and M k ^ n / 2 which do not admit any symplectic structure, 

since their second Betti number vanishes. 

Remark 4. [101 Remarks 2 and 3]: Another example of a non-symplectic manifold finitely 
covered by a symplectic manifold is constructed 

Remark 5. About metrics on the compact spaces M k ^. The oscillator group admits a 
pseudo-Riemannian metric so that the quotients constitute examples of compact 

naturally reductive Lorentzian spaces pQ. In this case the geodesies are induced by the 
one-parameter groups of G. 

On the other side M x Hs(M) is an example of a naturally reductive Riemannian space 

Acknoledgements The authors deeply thank A. Fino for useful discussions and com- 
ments on the paper. The second author is grateful to the Department of Mathematics of 
the University of Torino, for the kindly hospitality during her stay at Torino, where part 
of the present work was done. 



SOLVABLE MODELS FOR KODAIRA SURFACES 



11 



References 

[1] V. Del Barco, G. Ovando, F. Vittone, A family of Lorentzian compact spaces, in preparation. 
[2] C. Bock, On Low-Dimensional Solvmanifolds, preprint arXiv:0903.2926 (2009). 

[3] S. Console, A. Fino, On the de Rham cohomology of solvmanifolds, to appear in Annali Scuola Normale 
Superiore di Pisa 

[4] V.V. Gorbatsevich, Symplectic structures and cohomologies on some solvmanifolds, Siber. Math. J. 
44 (2) (2003), 260-274. 

[5] D. Guan, Modification and the cohomology groups of compact solvmanifolds, Electron. Res. Announc. 

Amer. Math. Soc. 13 (2007), 74-81. 
[6] K. Hasegawa, Complex and Kahler structures on compact solvmanifolds, Conference on Symplectic 

Topology, J. Symplectic Geom. 3 (2005), no. 4, 749-767. 
[7] A. Hatcher, "Algebraic Topology", Cambridge University Press, Cambridge, 2002. 
[8] A. Hattori, Spectral sequence in the de Rham cohomology of fibre bundles, J. Fac. Sci. Univ. Tokyo 

Sect. I 8 (1960), 289-331. 

[9] A. Kaplan, On the geometry of groups of Heisenberg type, Bull. Lond. Math. Soc. 15 (1983), 35-42. 
[10] H. Kasuya, Cohomologically symplectic solvmanifolds are symplectic, arXiv:1005. 1157^2 [math.SG] 
(2010). 

[11] A. Medina, P. Revoy, Groupes de Lie a structure symplectique invariante, a In: P. Dazord et A. We- 
instein Eds.: Symplectic Geometry, Grupoids and Integrable Systems. Semin. Sud-Rhodanien Geom. 
Math. Sci. Res. Inst. Publ. 20 (1991), 247266. Springer Verlag New York-Berlin-Heidelberg 1991. 

[12] J. Milnor, Curvature of left invariant metrics on Lie groups, Advances in Math. 21 (1976), no. 3, 
293-329. 

[13] D. V. Millionschikov, Multivalued junctionals, one-forms and deformed de Rham complex, e-print 
|math.AT/0512572| (2005). 

[14] G. Mostow, Cohomology of topological groups and solvmanifolds, Ann. of Math. (2) 73 (1961), 20-48. 
[15] K. Nomizu, On the cohomology of homogeneous spaces of nilpotent Lie Groups, Ann. of Math. (2) 59 
(1954), 531-538. 

[16] J. Oprea, A. Tralle, "Symplectic manifolds with no Kahler structure", Lecture Notes in Mathematics 

1661, Springer, Berlin, 1997. 
[17] J. Oprea, A. Tralle, Koszul-Sullivan Models and the Cohomology of Certain Solvmanifolds, Annals of 

Global Analysis and Geometry 15 (1997), 347-360. 
[18] G. Ovando, Four Dimensional Symplectic Lie Algebras, Beitrage zur Algebra und Geometrie 47 (2006), 

419-434. 

[19] M. S. Raghunathan, "Discrete subgroups of Lie groups", Springer, Berlin, 1972. 

[20] J. Erdman Snow, Invariant complex structures on four-dimensional solvable real Lie groups, Manuscr. 

Math. 66 (4) (1990), 397-412. 
[21] W. P. Thurston, Some simple examples of symplectic manifolds, Proc. Amer. Math. Soc. 55 (1976), 

467-468. 

[22] M. Ue, Geometric 4-manifolds in the sense of Thurston and Seifert 4-manifolds I, J. Mth. Soc. Japan 
42 (1990), 511-540. 

S. Console: Dipartimento di Matematica G. Peano, Universita di Torino, Via Carlo Al- 
berto 10, 10123 Torino, Italy. 

E-mail address: sergio.console@unito.it 

G. Ovando: CONICET-FCEIA, U.N.R., Pellegrini 250, 2000 Rosario, Argentina. 
E-mail address: gabriela@f ceia.unr.edu. ar 

M. Subils: C.I.E.M.-Fa.M.A.F., U.N.C., Ciudad Universitaria, 5000 Cordoba, Argentina. 
E-mail address: subils@famaf.unc.edu.ar 



